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LoaaRITHMIC SoBoLEV INEQUALITIES IN Discrete  Fropuer Seaces: (Marton, 209)

Lt % be a finibe set , and X" be the st of n-seguences from X.
Let POL") be the probability simplex on X"
Pfﬂ (Wz’ol"Sh”ée) Suppose Y~ @e?(%“)
n. Pn) £ 1 2
Wa(Rer, Be) & e ;F;(.,’y.,(x;#:‘/;)z
where the minimum is over all ooud"ngs oF K~ ard PY"'.
Rewmark: « This s not a 2-Wasserstein distance wrt Havnm'ma metric.

* Minimuwn IS achieved .

e W, 15 a mebric on 7(%»;)

and Y™ E/"E'P(w‘). Then, we define:

Theovem 1: (\,\ﬁ_ Yensorization => KL 'beY\SOY‘;ta'Eloﬂ) :
G g fion ant’i?(’x”) . and et oL 2 T?E‘g'\" Qx;lxi‘(‘.{i |2:0) , where for any s{,'rir\%
LeX": Qun()>0

%" and GHB set SQ[n]g{l,_..,ﬂ}7 A 2{7(_;. 365}, and = XKE} and 'l;¢=x{~|}°-
'f\—absdwh’iz cortinuous

HX a dfs‘&r'ibwaon PY"GP(%") Such -L’ka{: P,m(( an N
Suppose S all IC] and all Ype € 9(,["]\17 we have: W;'(&\‘lic('wi‘)rQX:\Y;‘('Wﬂ)

r—/’_—’)‘ Z
Cd) < € 5 BB 1~ Gl Vo8]

iel twr& R/-c‘/ zae T_ condifioval Wf' distance
el Vi< =

N (@;{ yee( 419, Qs

Sor a universal constant C. Then, we have:

D(R/""Qx") < %’ ?;’, E [“Fﬁmc('h’i‘) = Qx:mt('|\/i‘) sz] < _25%_ ZD(PY.-M‘ "QX:I)G-‘\@f) .
reverse wrb Rff e twno\'rlﬁonal KL diveﬂaence
hnslﬁ’x f’inskev

Froo‘F: We PTOV5 this b% 'mducb’or\.. Assume the CDHO\"‘HO'\S O'F ‘H‘C ‘H\eof‘em ,')o\o!,

and thot we have proven W for n-1:
induckive

D91 0xat) & 25 T EL -G, 4] 5
Jor ol €[} and.all y:€ X

Fiest, by avemg;n% chain rules, we 3@“7:

D(PrliQe) = ;{—Z“jD(K:; 1Gx:) + "niD<P‘I#\‘/{ |Gl Be). ]
7= \_"‘;'/_,_‘,_,_/—’—‘
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Proot  continued:
To bound @, we use the inductive kyPcH\esrs 1o 8@‘::

T‘L'Z D(Prervs n Qi |Ry) € Tl')— %% Z Z‘ [E[n R/J"\/J"(" ¥ = G)g'x‘i‘(-ch) ,Lz:/]
i=) =g tdoes not depenJ oni = (n-) copies for e“&’J

L]
To bound (0, notice from veverse Pinsker’s ineguality, (D(Pll@)_éf;&;lw—@ Iy or Q>o):
D(R: 1) < 5 [|R: - 6 Iy
for all ie€m], where we use the fack that : VxEX, Vieln], Qy(x) 2 L.
Ry (=) = Z &x,mg (7617(1‘) Q)‘c(z-,f-)
[ & > F Qy, ,F(x,w)?O
Let o be +the ofrﬁma’ - couph’nﬂ of R/", Qx. Then, we have:
W (Py“:Q'x" = Z Fr (% # %) 7 Z I g{*"@x;lfv [W___.fm“' “’“P""“a o V]
i=l 1=l

which Fmrh‘es us;ng the condibion in the theorem with T =001 phat:

LD o) & - & STIR-axlE, € 7 a W (B Qo)
=) =

- (-8) 5 3 DIt - G

< ’;'T % i[E[" E/;I‘/;=(' |\/:c)‘ QXAMC(' N\‘) “:,:] . [*]

i=\

Hence, we ge‘b:
DRrl@se) & 4C 5™ B[ Bl 1) = Qe (149
< %ZC' iD(P%I%c 1@ e | Prf)

where the Afinal ineymlf-éd follows Fom Pnsker’s inegml.‘-k{t‘;,:
o(FIe)3 2 [P-alf.

'rz\l ] ( using [*'D

Remark : D(,',,\8 the induction from k-1 4o k would reguire us 4o use more condiional
expec%m’:ions, and would illushete the ull power of the cordition in the theorem.

Tdea: Wp-distance relabed o TV diskance , KL distance bounded, ba TV distance (Prsker +reverse Pinsker),
use this +o prove N2-tensovization = KL tensorization,

(ke e Pewie TV < K1) [continued:]
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Def: (61 bbs SamPler) For i€[n], defire the Markov chain :

T lg) 2 A =38 Quaxe(i199) 5 V%% per’

for a distribution Qx”e?(x) The Gibb Sampl@" for Qxr is the MOYI‘OV chain .

ZT‘

i=l 7

t ow skachnsh‘c madrices

rObservc that for any exX™:
QT () = Z@x ()T (elY) ZQ S e = 35 G (%14¢)

) = Qe [7:) Qe ()

W = QX.‘I?(;‘(X; ’1.‘-) %;QX:,Xic('a X
= Q‘x“(‘){ﬂ
wl\u'ck means Qxn s %eM for T" ard T.
f i lei’—FomaoaM W’HqT"S: n R )
The _P,_EL—J*- 5 - 5 i)~ CFEE) ) Q)55 TGS 46
. X \f\ ]

tda\fl{’d map
for all ‘Péxz(% Qx") The fogarn%muc So

D(fm 1l Gx) £ ¢ gr( f f:) for all R € P

wheve the best constant ¢ is called the W@ﬂﬁ.

J—— is the [‘:3 Sobolev constant.

= STHy TR
bolev n d DLG! for T sz

Remork In some papersy ¢

L

Cof‘o“aryz (G'ibbs SamPler conbrac ‘on)
Tf Qx», E/n e?(%") sa{;isﬁé the conditions

KLConbmcb‘oa@ D(PY"T' n&x"> < ( 7 C. D(Rm “Qx") jl-lpu for all Pyn when Qxn s ]

[Loa'&xbolev]@ D(R/“uva» < 4Cn E’T’( j—' F; sotisfies Dobrushin uniguemess onClEes

Fmo(: (M Firsk observe -ﬂ\ab )
DR Q) = DR Q) + DB [l G | P
= D(RmT' Gx) + D(Rriwcll@xlx.:le) R-T(4) = ZE, @YIlse KEQX 814
Y m) + 2> D(Rarvel R - uatvse (315 e (4°)
E:D(RxTHQx)*' ZD(vwl@m] . elg) o e Bl

B
ac_m,vm%,awu. o
D(RAT I1Gxr) < -3 ynr U@x”) £ DR llGixn) = 0‘ - DR \Qx)

using the KL -Eensoﬂz-a&o:n result of Theorem 1 [conbinued.]

of Theorem 1, then:

[Choin vule]
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PYDO‘F con‘Hnueo( !

@ Firsh observe thot : .
ETE e B, - 7. o SR

| — ZJ Ba(g)e () ZT'(x"\g) [Rolx). B

R4 Qe (4" Qe ([ 4i9) Fae(IR
%J (" )exn () ; %l Qe Qx4

—

i ;J Roioe (3519 Quuture(319) Rpelte) 2 (R (14i9) Qoese 1)
" 2
== Z e ) ( 2\ ﬁ"Wc(ﬂil‘éi‘)@x'mc(ﬁil'jv“-)j

(zm () Qe |v;=)) ]

= |- IE[
gex
[wv e BC(F; (h’a , Qutwie (1Y) <« Bhaltachavyna coefficient
; g/ (y” ) (or Heumg'@:apﬁnrh&)

= &"'(\/?F;_ﬁ:’\/—a—%> : 'r’TZE[ (ZJ@W (1) Que (ke ))z]
é_{ Lerma: |IP-Glln<\- H(P@ﬂ

izt —
result n Theorem 1]

n

7L o) [!R/M(l?'.) Qi pse

=1

PR D(Pyn "an) . [us‘u\é KL->TV 4ensovization
4Cn ]
%

Def: (Dobrus%in’s Uni%ueness Condition - sze_rsiovb
Gy ZEPX) satisfies an Zxversion of Dobrushin’s unigueness condition.  with

wuplnnq_ma‘tﬂx A {ak,,}ha"rF for ang, k,le[ﬂ] wrth l(:ﬁ,, and ana z", 2 x

colurn
with Zue = Sy & Zu#Sk, we have:
i [ Qpsetze) - QuapeelC 15y < st

n lth wo“‘li'\alﬁ
and $e.|:|7|v\8 Qi =0 fordl lé[h] we have “A“ £ ""‘I::E‘ _?A"‘“z < 1.

t Pe:aﬁor novrm = lanaesﬁ smaulﬁlr va[ue

Rewnark: In Dobrushin’s oritair\a\ condiion, we assume [A niéz':“"i\:"'::l”/\tlli< i.

tmm('lmum absolube o lumn sum

[conti nued ] @
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Theovem 2: (DObmshin’s condition = Wiknsopizaﬁm)
I‘F &Xnefp(x“) sa‘HS%CS DObYMS)‘)‘m’s unfguey\esg ConCh'HOn, w.% COWP,!'YL% Maéy,'x A W-"B\

IA), <1, then for any R e PIC) :
) ¢ € 7 BBt 1~ Grans (1) [} [vees]
L€

where C= l .
i (- llf\llz)z

Poof: Tt suffices 4o prove this for I=[n]. <For any Tl and any gz €

s n’ ‘ e rdition with a minor F A, Pwi k,ieIzAI

Qxﬂxlc(-lgf) cabisBes Dobrushin’s  unigueness co minor ]

, ‘ e - DAD, = lAcl, =l - oAD:N < [P IA LD, <A,
as coupl"mg wmatnx . Moreover, l‘;; ?"di 1:.1' maL-r?oEs i‘% 1 il , é‘z I'Z\_l

e_x.[;end AIW;'H'JWO 1’5 o T and O’s

elsewhere

rows and colymns s ' :
L R T =k, € =R IAILY: is o valid constant for IQ[ﬂZD
7 — 2

(- 1Azl

[alepemls on &x"
Tdea: Prove that Gibbs samPIer Tis o contraction wrd W, - distance , andl Hen

use re(a%fowsk'rp pebween Wz and TV distances.

Fix fwo dl‘S‘tﬁbub‘oM R n,Szv'GP(x"). Lek be "‘L"i{l‘i’% between them.
Consbuct vandom variables (ul’,,__, U,:l (-7:;',---, 2,:) as Follows:
® Samp'e 2 random varable t~ Unf[n] o 86‘[7 E=1, (b indep. of eve’q‘%‘mg e|se> '
@ Leb Up= Up and =B Jor kit 50 thab the disbribubion of Uie, Zie given &1

s e, Zi< »
@ Let the distribution of U, 2 given

cnqe'fng a-F QX';I)(.\: (']u,-:.) and Qx;h(j-,,(' |3|' .
2 dich, of U gven Ukue =i L dlisk, of 2 given Bie 2, 47!

Clearlg, the disbribubion & U™ s RynT" and the distribution F Z"is Sl -
FOV an _-)e[“']y ) ,
P(ui#2) = P(t#)) u>(uj’¢zj’lt¢j) + Pl=1) P(U#* Zilb=3)
)Pt 2wl )

() Bloez) + 3R Ui o)
ok tie = | Gogpe(10) - Qoo Clzly = T Zielas 2e)

(- )R+ ) + & ELIxeC 100 ~ Gl 126l
< Q"’ ",';) [F(UJ#- Zj) + _VlT [E[ é‘;ﬂiuk* Zk}ak,j:l «— use Wﬂéﬁ'
K]

DOBrus\ﬁ\n’S condition
= (- ) PU %) + £ 50 PUF2).
k#)

cond.s
of Thmd W: (P‘/ﬂ‘/:‘ ¢ ‘31‘>7 Qpeae

for all T[] and. all grce%[fm

x[ﬂ]\l

hich  iwpli that -——L——'z
U Y (X TYV

t=i and U,{czu,-f,, Z;ﬁi‘;f— be the maximal

<) that achieves “QXih(ic("ui-‘:)"&}(al)(;c(“*i“)“w,

and

[CO n‘l:l'nuecl ]
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PY‘OO‘F COY\'E‘ nued ;

Leb p=[P(u#2) -~ P(Un#20)] and p'=[P(UB#Z) - P(Un#Za) ],
Then, we have:

P’ér[('n't) 1+ ;':A] = ¢l £ 1L IGRE + AL < Q-ko—uanz)) lel,
enbvgwbe idently dv t:na‘ T gefinion o Il for mabix L Acinegualiy

wadix tes =0

= n eV & [,.J-(l'“A"z) W.
W ( n ) ?—;’me

.Choos'\'\% the minimum I/\lz—(,ou,)ll'ngs, we 3e{;:
N, (R T, S2iT') < (1- -}c(l-'llMlz)) We(Rr,Sz7) . [conbraction o T in Wy-diskance |

85 ————E—Iﬂ‘——wiqn le._inequaliby, For ™9 Py" © ?(X") : ES.:"'I" [imariant measufe]
(B, Qn) £ W, (B, E/“T) + W (BT, Qx)

< W, (P, P T +(|——,\-(|—||A\\z)) Wa(Ppm, G [eorbraction]

= Wz(R/", Q’(“) < —\:Vl"_A-‘l-l. WZ(R/n7 R/"T‘) . [*l

Now we upper bound V\&(PY",R/"T)- We construet o Louping ling of Rm,ReT € F(X")
using vando m vaviables Y",Ym':

0) Sample o vandom vavable £~ Unifn] +o 32{; =1, (—b ndey- of evergﬁﬁrt% e\sé)
@ Lob Y=Yl dor kei so thels the disbibution o Yiegiven £ 15 Ree

@ Let the dishribution & ){',Yi’ 8"Ven t=1 and Vi =Yie be the maximal CD_\AP_hgg_

& PuveC (‘d‘ic) and QX;lXic(- |3;c) that achieves " Rityie ( [,3;‘-.)- Quiwe 1<) “w :
T.olwb- oF Vi 6"'% =i and (. dish. & ‘I,-' %Nen + =) and

Ye=Ge Yies ¢ | e
C[eaflal, \'H'\e, distribubion of \/n Is P\/" and the d‘,gbnl)u‘bov’\ a(: o B PY"T"
For an Jé[n]’ =0

6% ) = LPOGY16=0) + (- )P0+ 167))
=5 %: PO; #1423, %= ie) P(%e =gie[£=3)
= wEeg, [11 Ragel 1) — QohizeC 1D ] Tensen's inepualty
= PO#%) = Lz B[l Ry he) — Goxstte (1Y) ] < L E[ Byt 1Y)~ Qg 195) l\f;].
ence, e bt (o, o) € [S00 AT & e[S E g0 ~Gonpie (DR,

which  with [#] wmplei’eﬁ the Prbo‘p
7

[THE EN D_‘]@

Vel Ia%



